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Bell inequality violating entangled states are the working horse for many potential quantum
information processing applications, including secret sharing, cryptographic key distribution and
communication complexity reduction in distributed computing. Here we explicitly demonstrate the
power of certain multi-qubit states to improve the efficiency of partners in joint computation of some
multi-qubit function, despite the fact that there could be no correlations between all distributed
particles. It is important to stress that the class of functions that can be computed more efficiently
is widened, as compared with the standard Bell inequalities.
Entanglement is not only a curious feature of Quantum
Mechanics. It is also a resource, which can be useful in
specific information processing task. For example, entan-
glement is not responsible for quantum cryptographic key
generation [1], however it allows to verify the presence of
an eavesdropper [2]. Also, there are proposals of univer-
sal quantum computing, with a promise of speedup with
respect to analogous classical protocols, based on multi-
partite entangled states. Lastly, it has been argued that
any instance of violation of a Bell inequality [6] leads to
the reduction of communication complexity in a certain
distributed problem [3], or at least to an increase of the
success rate of yielding results [4, 5].
It shall be noted that communication complexity re-
duction protocoles (CCR) are valid information process-
ing routines. The users have classical bits as an imput
and the output is also classical. Hence, they are ready to
be applied in the state-of-art computing.
Recently we observe an intensive development in de-
riving new variants of Bell Inequalities. We are no
longer constrained to Werner-Wolf-Weinfurter-Z˙ukowski-
Brukner (WWWZ˙B) [7–9] inequalities, which utilize only
two settings per observer. Inequalities with more settings
were introduced, for example, in Refs. [10–14]. Also,
methods to derive Bell Inequalities with correlations be-
tween subsets of systems (“subcorrelations”) were pre-
sented, for example, in Refs [15, 16].
Even though the possibility of increasing the accu-
racy of distributed computing under limited communi-
cation with quantum subcorrelations was observed by
Paw lowski in Ref. [5], an explicit description of the
method to attain such a gain is, up to date, missing in lit-
erature. This is the aim of this contribution. We want to
demonstrate that even globally uncorrelated states might
be useful in computational task. The approach described
here straightforwardly extends to multisetting inequali-
ties. We will show the class of functions that can be
estimated with the quantum gain and discuss signaling
strategies for the partners.
Let us start with recalling the protocol. Partners
A,B,C, ... are in separate labs (in reality, these could
be separate parts of a computer) and at certain point
they all receive two pieces of data. One is a bit, yi =
±1(i = A,B,C, ...). The other variables, xi’s, are multi-
valued. These values are distributed by a referee (who
thus has the complete knowledge of these data and is
able to verify the decider’s answer), however, we assume
that these data could not be known before the proto-
col has started (e. g., they are randomly generated just
before the transmission). There can be correlations be-
tween xi’s distributed in individual runs of the task, but
each yi is completely random. Partners can perform any
local action, but they are asked to transmit a single bit to
the decider. His task is to calculate a certain sign func-
tion f ′(~x, ~y) = yAyB...f(~x) = ±1, where ~x = (xA, xB , ...)
and ~y = (yA, yB, ...). To neutralize the product yi’s in
f ′(~x, ~y), the partners make their messages proportional
to yi. If even one of them fails to do so, the final answer
is completely random.
In the classical protocol, the information about the
value of xi may be encoded into the message mi sent
to the decider. In case of bi-valued xi’s, xi = 1, 2, the
messages are thus either ±yi or ±yi(−1)
xi . In general,
when xi takes li values, there are 2
li possible messages
for each partner to transmit. The choice of the optimal
set of messages depends on a specific sign function. If
it is weakly dependent on xi’s, say, for N partners it is
equal to −1 for only one ~x.
The quantum protocol requires some additional as-
sumptions. Let there be function g(~x) such that
f(vx) = Sign(g(~x)) and
|g(~x)|∑
~x
|g(~x)| be a probability
that ~x is distributed among the partners. Addition-
ally, let us assume that
∑
~x g(~x)E(~x) = Q ≤ B,
(E(~x) = 〈OA(xA)OB(xB)...〉 denotes a quantum mechan-
ical mean value of a tensor product of local observables
OA(xA), OB(xB), ... with outcomes ±1) represent a Bell-
type inequality violated by some state. Let the partners
happen to share some copies of that state. In quantum
protocol, the partner basically conduct measurements
Oi(xi) obtaining result o
M
i , M enumerating the copy of
a state used. The message is simply mi = yioi, and the
decider’s answer is
∏
i=A,B,...mi. The overall probability
that the answer is correct is
PQM =
1
2
(
1 +
Q∑
~x |g(~x)|
)
(1)
In the classical protocol, the messages must be subject
to Local Realism, hence the probability of success reads
PCL ≤
1
2
(
1 +
B∑
~x |g(~x)|
)
(2)
2(please keep in mind that the inequality is violated, i. e.
Q > B).
Finally, let us explicitly demonstrate this advantage for
a five-qubit state with no five-partite correlations. The
inequality we intend to use is
1
16
(A1B1C1D1 −A1B1C1D2 + 3A1B1C2D1 − 3A1B1C2D2
+A1B2C1D1 −A1B2C1D2 + 3A1B2C2D1 − 3A1B2C2D2
+A2B1C1D1 −A2B1C1D2 −A2B1C2D1 +A2B1C2D2
+A2B2C1D1 −A2B2C1D2 −A2B2C2D1 +A2B2C2D2
+ B1C1D1E1 −B1C1D1E2 + 3B1C1D2E1 − 3B1C1D2E2
+B1C2D1E1 −B1C2D1E2 + 3B1C2D2E1 − 3B1C2D2E2
+B2C1D1E1 −B2C1D1E2 −B2C1D2E1 +B2C1D2E2
+B2C2D1E1 −B2C2D1E2 −B2C2D2E1 +B2C2D2E2
+ C1D1E1A1 − C1D1E1A2 + 3C1D1E2A1 − 3C1D1E2A2
+ C1D2E1A1 − C1D2E1A2 + 3C1D2E2A1 − 3C1D2E2A2
+ C2D1E1A1 − C2D1E1A2 − C2D1E2A1 + C2D1E2A2
+ C2D2E1A1 − C2D2E1A2 − C2D2E2A1 + C2D2E2A2
+ D1E1A1B1 −D1E1A1B2 + 3D1E1A2B1 − 3D1E1A2B2
+D1E2A1B1 −D1E2A1B2 + 3D1E2A2B1 − 3D1E2A2B2
+D2E1A1B1 −D2E1A1B2 −D2E1A2B1 +D2E1A2B2
+D2E2A1B1 −D2E2A1B2 −D2E2A2B1 +D2E2A2B2
+ E1A1B1C1 − E1A1B1C2 + 3E1A1B2C1 − 3E1A1B2C2
+ E1A2B1C1 − E1A2B1C2 + 3E1A2B2C1 − 3E1A2B2C2
+ E2A1B1C1 − E2A1B1C2 − E2A1B2C1 + E2A1B2C2
+ E2A2B1C1 − E2A2B1C2 − E2A2B2C1 + E2A2B2C2) ≤ 1. (3)
We have introduced a short-hand notation, OA(0) = 1
and AxA =≡ OA(xA)(xA = 1, 2), and similarly for other
observers. Now the partner is marked with the label of
an observable, rather than its position in the product.
Notice that this inequality is invariant under cyclic per-
mutations of the observers, as well as the fact that it
utilizes only four-partite correlations. This means that it
has doubly degenerate eigenvalues, and the equal mixture
of the corresponding eigenstates does not exhibit any cor-
relations between odd numbers of qubits. For simplicity,
we will consider only one of these states keeping in mind
that the other one has all relevant correlations equal.
The sign function to be computed can be extracted
from Eqn. (3) to be
f(~x) = q(xE)(−1)
xA(1−xD)+(1−xA)(xC(1−xD)+(1−xC)xD)
+ q(xD)(−1)
xE(1−xC)+(1−xE)(xB(1−xC)+(1−xB)xE)
+ q(xC)(−1)
xD(1−xB)+(1−xD)(xA(1−xB)+(1−xA)xD)
+ q(xB)(−1)
xC(1−xA)+(1−xC)(xE(1−xA)+(1−xE)xC)
+q(xA)(−1)
xB(1−xE)+(1−xB)(xD(1−xE)+(1−xD)xB),(4)
with q(x) = 1 − 12 (x(3 − x)). An individual term of the
function survives only if the corresponding xi is equal to
0, or in other words, when one of the observers is told not
to conduct any measurement. Notice that from Eq. (3)
it follows that only one of five partners receives xi = 0
hence indeed f(~x) = ±1. This structure can be straight-
forwardly extended to more values of xi’s.
As we have mentioned the partners can send 8 possible
classical messages: two containing no information about
the value of xi whatsoever, mi = ±yi, and three pairs
distinguishing one of values of xi, mi = ±yi(−1)
δ(xi,j).
δ(·, ·) stands for the Kronecker delta and j = 0, 1, 2. Sur-
prisingly, out of all possible classical strategies, the sym-
metric ones, in which partners share a common strategy
of messaging, give the probability of success equal to 12 .
However, there is a large class of strategies, for which
the success probability is 1730 . One of them is is that four
partners send simply yi and the fifth (say, E) sends yE if
xE = 1 and −yE otherwise.
Let us now consider the quantum case. If the
the observables at the disposal of each observer are
σx =
(
0 1
1 0
)
and σz =
(
1 0
0 −1
)
, there are two
states associated with the maximal eigenvalue, 14 +√
11
3 cos
(
1
3arccot
√
108
1223
)
≈ 1.8086. The equal mixture
of these two eigenstates possesses no correlations between
3any odd number of particles. The partner, which gets
xi = 0 simply sends yi, the rest conduct measurement
indicated by the value of their xi’s, and send yio
M
i . Ac-
cording to formula (1) the probability of success is 0.620.
Notice that we can purify the two states giving the
maximal violation of the inequality. Then, the auxiliary
party who holds the purifying ancilla shares entangle-
ment with the five partners. Nevertheless, in the protocol
they expoit only these correlations, which are unaccessi-
ble and unchangable by the external party.
Notice that the same protocol applies for even more
complicated sing functions, even those which do not have
the structure of a product of yi’s. Instead we can consider
f ′′(~x, ~y)
=
∑
i=A,B,C,...
(∏
j=A,B,C,... yj
)
yiq(xi)fi(~x),
∂fi(~x)
∂xi
= 0. (5)
In such a case, the partner who gets xi = 0 simply sends
1.
In conclusion, we have demonstrated the instance of
communication complexity reduction protocol, which uti-
lizes only subcorrelations. This is a curious result, as the
partners are able to improve their performace in jointly
computing a certain function, even with one of them not
sharing any useful data. It should be stressed that al-
though we never utilize five-partite correlations, such a
great advantage of the quantum protocol over the classi-
cal one is due to genuine multipartite entanglement.
It is also worth stressing that we are no longer limited
to functions, which are proportional to products of all
yi’s, but we can also consider sign functions, which are
sums of few terms, each dependent on a different subset
of the bits. Each such term would be activated by a
specific combination of xi’s. This relaxation contributes
to the significance and of the problem.
The example shows a distinction between inequalities
with subcorrelations and those with many settings per
each side. Although some inequalities from both classes
are strongly linked with one another (by substituting lo-
cal some measurements with the unit operator.), they
differ in problems they allow to solve. In case of us-
ing subcorrelations we are able to increase the fidelity of
computing functions with non-product structure.
One important aspect is that we believe that ~x’s are
distributed according to a certain probability distribu-
tion. We also assume that detection/non-detection of
photons in each lab is a stochastic, independent process.
Hence it is impossible to guarantee that all qubits, on
which the partners need to conduct measurements, must
be detected. Even though we are not observing full corre-
lations, we need to be confident about detecting a particle
in each laboratory in every run of the experiment.
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